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Preliminary Estimates of Radiative Transfer Effects

on Detached Shock Layers

RoBERT GOULARD*
General Motors Corporation, Santa Barbara, Calif

The effect of radiation losses on the structure of hypersonic detached shock layers is con-
sidered The formulation of this problem on the basis of a simple flow model illustrates the
importance of the shock-layer optical thickness r and that of the radiation convection ratio
T' Although an exact general solution requires numerical computations, several solutions

are possible for small values of T through perturbation schemes

Such solutions yield simple

expressions for the temperature distribution, the heat flux, and the modified shock-layer

thickness for several ranges of values of =

The limitations of these approximations and the

difficulties inherent to their match with a viscous conducting boundary layer are discussed

Nomenclature
a = velocity gradient [Eq (2)]
Az(a),AL™(a)
Ar~(a) = gee Eq (61)
= averaged Planck function (¢74/7)

Cp = sgpecific heat at constant pressure

E, = integro exponential functions (n = 1,2,3);
see Ref 12, p 266

FB = radiation flux vector

h = enthalpy

hs = total enthalpy & + (w;u;/2)

Hu(z),Ha (2),

H,*(a) = see Eq (60)

kg = radiation volumetric absorption coefficient
(= px)

k = heat conductivity coefficient

n = see Eq (22¢)

Nz = radiation-conduction parameter [Eq (48)]

P = pressure

q® = net radiation heat flux normal to the wall

r = distance of point M from axis of symmetry

R = nose radius

® = perfect gas constant for air

¢ = time

T = absolute temperature

U, = velocity vector components

ug = velocity vector

u,v = velocity vector components for the radiation-
less case

dV(P) = elementary volume around point P

z,z = coordinates of point M (Fig 1)

X,Z = coordinates of point M(z,z) for the radiation-
less case

B = gee Eq (22¢)

T = radiation convection parameter [Eq (4)]

) = shock-layer thickness

o* = radiation boundary-layer thickuess [Eq (50)]

A = shock-layer thickness for the radiationless case

7 = optical thickness between point M and the
wall for the radiationless case [Eq (55)]

0 = see Fig 1

K = mass absorption coefficient averaged over the
frequency spectrum

p = density
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7.8 = optical length between M and P: -+ 5 =

MP
P
f oxds
M

Identical notation

Us = vector of components wi, us, us
S = gradient of scalar S

Fis = divergence of vector F;

Uivs = scalar product of vectors u; and v;
Subscripts

s = immediately behind the shock

7 = indicial notation

0 = radiationless (reference) case

w = conditions at the wall

® = uypstream of shock

Superscripts

By, = nondimensional quantities [Eqs (4) and (30)]

Introduction

TMOSPHERIC penetiation speeds larger than escape
velocity (36,000 fps) are becoming a matter of interest in
various aspects of the space program ! 2 The desirability
of short mission times and the interest in meteor studies aie
now creating a need for an understanding of fluid flow be-
havior at very high speed, where radiation becomes an im-
portant energy transfer contributor
The purpose of this paper is to study, on the basis of a
simple flow model, the main aspects of the radiation energy
transfer process in hypersonic detached shock layers The
role of the radiation gas dynamics dimensionless parameters
will be emphasized, and some approximate solutions will be
given in closed form  Although frequency dependence is an
important consideration, a gray gas model will be assumed
here to bring out more clearly the fluid dynamics aspects of
the problem

I Stagnation Region of a Radiating
Shock Layer

As in any fluid dynamics problem, the theoretical deter-
mination of the flow in the stagnation region of a hypersonic
vehicle requires 1) the solution of the equations of conserva-
tion of mass, momentum, and energy in the fluid; and 2)
adequate boundary conditions at the surface of the nose and
at the shock interface

The conservation equations can be written for an ideal
radiating gas in steady flow:

Mass
u;(0p/0x;) + pus : = 0 (1a)
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Momentum
ou:i(Qu /o) = —p (1b)
Energy
pu:i(Oh/0x:) = —F: 7 (1c) Shock D
wheie the viscous and heat-conduction terms have been 5
neglected for simplicity For a cold absoibing wall [Ref
3, Eq (28)], the radiation loss term in Eq (lc) can be written
as
8
F; 2= 7rkﬂM)[43(M) -
— K wail E
f k(P B(P) SR D) dV(P)] (1d) i o
v x M P? 2
where the two terms on the right-hand side express, respec- i
tively, the energy radiated per unit time by the particles E
within a unit volume at the point M (Fig 1) and the energy
teceived per unit time by these particles fiom all other par-
ticles at points P within the volume ¥ The nondimensional
term 7,5 corresponds to the optical length between M and

P:
S=MP
8 =
Typ® = S=0 kR(S)dS

The boundary conditions are 1) at the wall, uin; = 0 (n; being
the normal to the wall) and 2) at the shock interface, the
Rankine-Hugoniot relations

Therefore, the determination of the steady inviscid radiant
layer in the stagnation area involves, in general, the solution
of a system of coupled integrodifferential equations in terms
of two independent variables x and 2z (Fig 1)

A A One-Dimensional Model of the Nonradiating
Shock Layer

The difficulty inherent to the manipulation of integral o1
differential equations of a two-dimensional character has
inspired the applied mathematicians with a number of trans-
formations and simplifications which generally tend to reduce
the problem to a one-dimensional form

In some cases, such as the nonradiant shock layer, such
simplification cannot be carried out rigorously, and available
numerical solutions?—® represent rather each property in
terms of both r and z (Fig 1)  These results, however,* 7
show that in the stagnation region there exists, for all practi-
cal purposes, no dependence of the flow properties on the dis-
tance r from the axis but only a dependence on the distance
z from the wall t Also, for a wide range of hypersonic condi-
tions the following hold:

1) The shock-layer thickness A is much smaller at very
high speed than the 1adius R of the body (A/R ~+%) The
stagnation area of the shock layer can then be assimilated to a
one-dimensional gas slab

2) The density p and the theimal properties (7,h) are
nearly constant in the stagnation area  Also, the enthalpy
far exceeds the kinetic energy: % > (U? -+ V%)/2, hence
}lz ~}

3) The velocity component V parallel to the axis of the
body is nearly proportional to the distance from the surface
of the body:

Vo~ ~20Z ~ —(poVe/p AZ 2)
where the value substituted for a in the right-hand term
satisfies the mass conservation equation at the shock
B Radiating Shock-Layer Problem

We now consider the case of the radiating layer (#; ;% 5 0)

The numerical iterations used in the nonradiant case!=% must

1 This behavior naturally reminds us that such one dimen-
sional behavior is obtained exactly in both potential flow and
boundary-layer theory for an incompressible stagnation flow

Fig 1 Detached shock-layer nomenclature

now be modified to include the flux term F; ;Ein Eqs (1) In
this case, one cannot expect the thermal properties to remain
constant throughout the layer if a large part of the stored
energy is drained by radiation  Also, it is not possible to be
suie (because of the long-range nature of radiation transfer)
that introducing the radiation flux will not upset the one-
dimensional chaiacter of the numerical nonradiant solution

Exact numerical solutions do not yet clarify this point,
but it is possible first to seek out those cases where the radi-
ation losses are small enough, in comparison with the stored
energy associated with the flow, to be treated as a perturba-
tion to the radiationless flow field

If one chooses the radiationless stagnation case as a refer-
ence state, it is possible to express Eq (1¢) in nondimensional
form [Ref 3, Eq (22¢)1:

,L_)—i}_lz = —T'F; B (3)
whete
p==p/p = u/u h=h/h,
_ )
Eo=ux./A F# =FR/q I'= q*/p=Vehs

The physical meaning of I' in Fig 2 is the ratio of the
energy ¢of radiated per unit time and shock area by a shock
layer in the reference state [ie, assuming that its properties
(po, To,A, ) are those calculated in the radiationless case]
over the energy stored in the fluid crossing the shock, also
per unit time and shock area

Equation (3) shows that radiation losses can be considered
a perturbation to the state of shock layer when the value of
T is small §{ The :adiating shock-layer problem, although
complex in its general form, is therefore amenable, for the
case where I' « 1, to a one-dimensional perturbation solu-
tion; in this case, the simple radiationless shock-layer model
will be used, modified to allow for small perturbations to the
thermal properties and to the velocity

The interest of this approach is that it indicates with good
aceuracy the threshold of the radiation-gas dynamics cou-

1 As pointed out by Eschenroeder,3? one must make sure that
T is truly representative of the flow configuration at hand
In particular, when the only layers affected by radiation losses
are those close to the wall (optically thick flows), the relevant
value for the convected energy in T' is the energy of these layers
only, a small fraction of the total convected energy through the
shock poVwh  In this case the flow must be treated as a regular
boundary-layer problem, as will be discussed in Sec III of this
paper
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pling, that is, the range of flight regimes when radiation
losses are beginning to affect the flow pattern

C A One-Dimensional Model of the Radiating
Shock Layer

The analysis of the radiating shock layer can be carried
out much in the same way as in radiationless shock-layer
treatments, especially those also involving an energy sink
term such as a chemical reaction term 8 Such an approach
was recently used in the case of an optically thin gas ¢ How-
ever, these studies, although instructive, lead to solutions of
numerical nature and are therefore difficult to generalize
Since our intention is to limit ourselves to small perturba-
tions of the incompressible nonradiating model, we can fur-
ther simplify our approach

Consider on Fig 1 the streamtube of axis 2’2" and of up-
stream radius DC  The flow inside this tube passes suc-
cessively through the circles of radius DC and BM and
through the walls of the cylinder of axis 2’2", height BE or
MA, and radius E4

Conservation of mass requires then that

poVerr,2 = pvmrr? = 2mr foz oudz (5)

For the purpose of comparison with the radiationless case
we note that, in this latter case (p = p ), the same equations
can be written

pa Vot = p Vart = 2arp UZ (6)

where capital letters designate the radiationless (p = p ~
const) solution (where 0U/0Z ~0): u,v, and z take the values
U, V,and Z, respectively

From these two sets of equations, a simple correspondence
can be established between radiating and nonradiating shock
layers:

() = p V(Z) for a given r (7)

j: pudz = p UZ ®)

Turning now to the equation of state p = p®7T, we use fo1
the pressure its Newtonian value, excluding the centiifugal
force contribution since we are near stagnation,

D = poVa?cos2 =~ p V2l — (62/2)] with @ = /B (9)

Therefore, the pressure depends in first approximation on
r only, and the assumption that p is inversely proportional to
T along a given radial line (r = const) follows directly from
the equation of state (p = p®T):

p/p =T/T (10)

Finally, the conservation of momentum along the direction »
ou Qu op

P e 2z or
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can be reduced [du/dz « du/dr, dp/dr = —p V.2(r/R?)]
to the form
qu op
pu or T or
and since [Eq (9)]
9p 2 T
or peb R?

we can write, in general,

pudu = —p V. 2(r/R%dr 2z = const (11a)

and for the incompressible case,
pUdU = p. V. 2r/R¥dr (11b)

Since p is independent of x in the first approximation, Eqs
(11a) and (11b) aze easily integrated:

U = (po/p )VUV./R)r (12)
pl2y = p 2 (13)

We note that the incompressible result [Eq (12)] is com-
patible with the radiationless model: U = ar provided the
constant a takes the value

a = (p=/p)"*V /R (14)

Comparing Eq (14) with the expression of the velocity
constant a chosen for V' [Eq (2)], we obtain an estimate of
the incompressible layer thickness A of the same form as
Probstein’s early estimates® for a nearly flat nose: A «(p,/
pm) 1/2

The more interesting 1esult, however, lies with Eq (13),
which gives a means to eliminate the velocity u from Eq (8)
After substitution, Eq (8) becomes

pYiz = o V:Z (15)

which gives a convenient way to go, for a given value of 7,
from the incompressible coordinate Z associated with a
streamline, to its actual physical coordinate z In particu-
lar, the actual shock-layer thickness ¢ is related to the radia-
tionless shock-layer thickness A by the expression

6 _ 1 A & 1/2
Z\‘foo (p) iz (16)

In summary, a radiating compressible shock layer can be re-
lated to the incompressible shock layer obtained for the same
flow conditions but without radiation The flow model
thus adopted for the study of radiation effects presents the
following features:

1) Since radiation ecooling will, if anything, reduce the
shock-layer thickness, the assimilation of the shock layer to a
one-dimensional slab will be maintained

2) The density p and the theimal properties (T',,x) do not
vary with respect to r, but only as functions of z

3) The velocity component v parallel to the axis of the
body is simply related to the velocity component V in the
incompressible case by the expression

p(z) = p V(Z) (17)

4) The physical coordinate z is related to the coordinate
Z of the corresponding radiationless case by the expression

pY¥z = p V27 (18)

5) The density variations across the shock layer are re-
lated to the temperature variations by the expression

o/p ~T/T (19)

6) The conditions at the shock of both compressible and
incompiessible shock layers are identical for a given flight
condition (Rankine-Hugoniot)
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D Radiating Shock Layer for I' < 1

In this one-dimensional model (3/0r = 0, and h =~ hy),
Eq (1c) can be reduced to
oh Ag®

pvb—z = - g (20)

where the radiation flux term can be reduced [Ref 3, Eq
(31)] to

R
9% _ ika[4B(r) —
Qz

2 fo T BO)E(r — t)dt — 2 f s BOE( — )] (21)

where the integro-exponential functions Ey correspond to the
integiation over angles of the right-hand side second term
of Eq (1d) for the one-dimensional case This function is
tabulated, for instance, in Ref 12, p 266 The term =
is the optical thickness dr = kgdz

If we further consider that in the chosen model

de = (p /p)M*Z (22a)
ow=pV=—2paV (22b)
with
20 = poVo/p A
and
kr = px (22¢)
with k/x = (o/p )*(T/T )#, the convection term can be writ-
ten
oT Ve [ p\12 oT
pvcp—a—z = -3 <;> cpZa—Z—

and Eq (5) becomes

poVes £1/2 Za_q:_
T A \s) "oz~

petdoT — 2 [ 1B — 0at - 2 [ TR - Dat)
(23)

Equation (23) is a 1elation between Z and T, or functions
of T, sinee the properties p, «, and ¢, can be expressed in
terms of T Therefore, it is seen that, on the basis of a
somewhat crude but essentially correct flow model of the
stagnation shock layer, the determination of the radiation
properties of this layer is reduced to the solution of a single
equation 7'(Z)

A simple Doiodnitzin-like transformation [Eq (18)]
expresses this solution in terms of the physical coordinate z
(see Fig 2)

The purpose of this article is to explore the various foims
of this solution fo1 different radiation regimes

E Asymptotic Selutions for I' — 0

Similarity analysis? shows that, in addition to the param-
eter I' = q®/p.V.h, the optical thickness 75 = kz6 of the
shock layer governs the mathematical form of Eq (23) and
of its solution

In the limit case I' — 0, the 1adiation from the isothermal
shock layer to the wall ¢ »* or through the shock ¢y ® [Ref
11, Eq (25)]is

Goo® = qo B = o741 — 2E3(74)] (24)

where the function E;(z) is tabulated in a number of sources
(eg, Ref 12,p 266) Two limit cases for 74 < 1 ale

Eilra) — %4 — 74 and Go " = Qoof = 20T4A (25)
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and for 74 > 1,

—T

A
Es(ry) =~ ¢ —0 and ¢ .8 = qo &= oT* (26)
A

In the more general case I' < 1, Eq (23) can also take two
asymptotic forms when 74 is very small or very large These
two cases, as well as the general case 7o ~ 1, will be dis-
cussed in the next three sections The condition I' « 1 allows
us to use the perturbation assumptions built in the shock
model

II Optically Thin Layer (7, < 1)

In this case, the integral terms on the right-hand side of
Eq (23) can be shown?® to be negligible in comparison with
the term 40k2T* (no self-absorption)  Equation (23) reduces
to

N

Vo (o) o
_ pT, <£> Cp 57 = 4praT* 27

which can be rearranged into
@g _ P Vol p "‘1/2—15 Z’f 4 e, dT 9
Z 4ok AcT * \p k \T h (28)
Introducing now, in addition to the radiation-convection

1atio I', for optically thin§ gases [Eq (4)] {where the total
radiation loss flux is ¢o® = g0 w® + ¢ ® [Eq (25)]},

4px: ATt
I, = —
P Vch (29)
the nondimensional terms
- T = Z P T -
T = = 7 == 5= - ~— = -1
T A p=y =g =T

Cp T\= K s\ [T\ _
= — — ~ — — = B~
am- (o) () () - w
wheie the power dependence of the thermodynamic functions

¢y, « is justified for the case of small perturbation from the
radiationless case, we obtain

dZ/Z = T, \TatB~nt /2 -4qT (31)

The solution of this equation yields
T =1+ (a+8—n+}— 3T, I/ lats—nta/2 -3
(32)

For low values of I';, this expression may be expanded
thiough the binomial theorem, and we obtain

T=1+4T1,nZ (33)

To find the total heat flux to the wall (also equal to the out-
waid flux thiough the shock for r, « 1), it is enough to sum
all contributions:

8 —
Gt = fo 2pkaTdz = 2p koo T * f; To—n+30:  (34)

and, intioducing the substitution of variables dz = (p)~\/2
dZ = TY2dZ [Eqs (18) and (30)], and the ratio Z = Z/A,

gof = 2ok AT 4 fol To—n+3+1/2g7 (35)

wheie 2p x AgT * is the zero-order solution g % [Eq (25)]
After substitution of Eqs (25) into Eq (35) we obtain the

§ The notation T', and T, for the radiation convection ratio
is used here for the optically thin and thick gases, respectively;
it is thus easier to identify than Unséld’s original T/ and I'”
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Fig 3 Radiation-convection ratio vs velocity for dif-
ferent altitudes assuming chemiecal equilibrium (from
Ref 7)

reduced flux

0" =

¢" U - nt3+ /247
= for 247 (36)

and now using Eq (33) and expanding T8~ 7+3—(1/2) through
the binomial theorem,

qwﬁgfolu+<ﬂ+3—n——;—>r nZ1dZ =
1—(B—n+3—Hr. (7

Finally, the variation of shock-layer thickness from its radi-
ationless value A (see Fig 3) can be easily established fiom
Eq (16):

I} 1 - 1 -
— ._._.1/2 7 = 1/2
——fop d?-foT Az (38)

After substitution of Eqs (83) and (16a), we obtain

g ~ fo Y1+ T, nZ)vidz (39)

Expanding once more through the binomial theorem (I, <« 1),

S _ 4y _1 - YogazYl 21— 1
2= 2I’nl:21i%<faandZ>:|—l 1T, (40)

In summary, Y for an optically thin gas (r; < 1) and I' « 1,
T=14+T,InZ
rf=7f=1-(B+3—n+HT. (41)
§=1—14r,
9 Note: Since A and, consequently, both ¢,." and I'. are
proportional to the nose radius B, Eq (41) shows that ¢.” and
8 are guadratic functions of B This simple relationship seems

to be verified by the numerical results of Howe (Figs 14 and 17
of Ref 13)
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with
N S AF,,fz I
3 _]:)T 12 = 7 + 55 [T wzaz
4p kAe T
I = PV oh

Various values of n and 8 have been suggested for high-
temperature air Recent estimates (see, for instance, Fig 3
of Ref 14) show that n =~ 0 and B8 increases from about 4
at 5000°K to a maximum of about 8 in the 12,000°K range
and finally drops to lower values beyond 15,000°K

If we chose 8 = 7 as a representative value for the range
where radiation losses become important [7° > 10,000°K],?
the expression of the reduced flux in Eq (41) becomes

Gu®=1— (8 + 3T ~1 — 10T, (42)

Consequently, whenever T, is larger than 134, derivations
fiom the isothermal estimates of the flux go.® are beginning
to exceed 109, Tigure 3, extracted from Ref 7, gives the
flight ranges corresponding to different values of T,

Also, the continuously decreasing temperature of the
paiticles as they travel from the shock to the wall [Eq (41)]
leads to cooler boundary-layer edge conditions than for the
radiationless case: hence, a conduction heat-transfer re-
duction from its classical radiationless formulation Some
gross estimates of this coupling were made in Ref 7

1t should also be noted at this point that even within the
framework of a totally inviscid shock layer, Eq (33) shows
that, for any given value of T',, the small perturbation hy-
pothesis will tend to lose its validity when Z tends to zero,
since then the absolute value of the product I', InZ eventually
becomes comparable to unity As a consequence, the lower
limit of the integrals shown in Eqgs (37) and (39) should be
a small quantity rather than zero Hence, the expressions
for g® and 6 in Eqs (41) are slightly overestimating the cool-
ing effect; they are a lower bound to the actual value of g
and 4, tending to be more exact when I',, tends to zero

An additional 1emark is that the boundary layer at the
wall cuts into those flow layers mostly affected by the radia-
tion cooling effect, ie, those layers nearest to the wall
Since viscous and radiative phenomena can hardly be con-
sidered additive, a careful study would be necessary to ac-
count for this simultaneous transfer by radiation and con-
duction  The inviscid solution offered here will tend to be
correct when the boundary-layer thickness is small compared
to the shock-layer thickness; this will be true mainly at low
altitude and for turbulent boundary layers At higher
altitudes, neither the inviseid approximation nor the chemical
equilibrium assumptions used in this paper are satisfactory,
and more work is needed in this area 13-16 33

III Optically Thick Layer (7, > 1)

In optically thick shock layers, radiation travels only short
distances, and the energy losses to the outside of the layer
will tend to occur in two boundary layers only: near the
shock and near the wall Therefore, the perturbation
scheme used in Sec II when the losses were distributed
throughout the shock layer must now be replaced by a
boundary-layer approach, where large losses and property
variations are allowed to take place within thin layers On
the sketch shown on Fig 4, one can recognize the three areas
crossed in succession by a particle entering the shock layer:
the shock boundary layer (AB), the isothermal shock layer
(BC), and the wall boundary layer (CD)

The following estimates can be made on these three regions

A Shock Boundary Layer (4B)

The initial part of the shock layer can be reasonably likened
to the one-dimensional normal shock problem since the
“shock boundary layer” is thin and possesses in first approxi-



MARCH 1964

mation a constant mass flux along 2’2" (o0 = pe V)

In this case, recent work on ‘radiation resisted shock
waves”’17 18 describes fairly well this part of the flow  If one
further assumes the usual shock discontinuity due to the
neglect of viscosity and conduction, plus zero absorption in
the cold upstream gas, the problem is reduced® to the effect
of the radiation losses on a gas heated at the shock discon-
tinuity (T = T ) according to the radiationless Rankine-
Hugoniot conditions Such losses tend to reduce, after a
few optical lengths, the temperature behind the shock to an
asymptotic value T [see Fig 11 of Ref 19]

B Isothermal Shock Layer (BC)

This part of the shock layer, which tends to be its major
portion if the shock layer is optically thick enough, is there-
fore determined by the history of the previous layer AB
One notes that the forward 1adiation flux

gr =2 fo ® o T(r) Byl dr (43)

is larger than the blackbody value
g wt = T, (44)

since this blackbody value would be the value given by

Eq (43) if T were always equal to Ts, wheieas it is actually
greater near the shock (4B)

To estimate simply (as in Refs 20 and 1) the conditions

in the laver BC (subscript 2) by satisfying the energy equation

sz V22 g T24

hotmy =kt e = Y

(45)

introduces, therefore, an undeirestimate of the radiation
losses, ** and the temperature T, obtained in Ref 21 will be
an upper limit of the real value Conversely, the values
shown in Ref 21 for the density ratio across the shock aie a
lower limit of the actual density ratio ps/p.. Even so, they
turn out to be much larger than for the radiationless case
The optically thick shock layer is therefore expected to be
physically thinner than the radiationless layer 11 Equation
(45) shows clearly that the governing parameter for this
variation of 6 is the Boltzmann number:
b Valhe + (Vo2/2)]

Bo= o (46)

C Wall Boundary Layer

Near the wall, the right-hand side of Eq (23) takes a
differential form first suggested by Rosseland?3:
16072 0T
g7 = — >,

(47)

Since we ale concerned in this case (I' « 1, 75 > 1) with
the layers near the wall, it is appropriate to examine more
closely the assumption that conduction could be uncoupled
from the radiation problem In Eq (23), it amounts to
neglecting the conduction term ¢° = —k,(07T/d2) in com-

parison with the radiation term ¢ [Eq (47)] In other
words, the following assumption is made:
g% 16073
e =, = o D
Np_. e Sk 1 (48)

** The writer is indebted to Baldwin and Heaslet for pointing
out this discrepancy in Refs 20 and 21  This situation parallels
that of the blackbody-Rosseland discrepancy at the wall 22

11 This effect tends to be attenuated when the cold air ahead
of the shock absorbs an appreciable fraction of the forward
radiation flux; this energy is convected back into the shock
layer, and Eq (45) must be modified
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Fig 4 Typical temperature profile of an optically thick
shock layer

The influence of this parametei, quite akin to Sen and
Guess’ “radiation broadening factor g,”’?* has been recently
investigated by Viskanta and Grosh? for wedge flows Fox
the important case Nr_. > 1, assuming kr « 7%, Eq (47)
yields a simple closed solution?? of the following formii:

1667:* 1
R — — (
Sy 3 49)
with 6% = “radiation-layei thickness”
8* = AQ@wT )2 (50)
R 4
P 160Ty* 1 51)

T g Vahs  3puVoh kg A

Equation (51) defines a value of T', based arbitrarily on the
shock-layer thickness A in the expression of a typical Rosse-
land radiation flux go%:

. 1605 T
"= "3ka A

(52)

Although A is the only length known a prioti in this problem,
Eq (49) shows that the meaningful length in this case is not
the shock-layer thickness A but the radiation boundary-laye:
thickness 6* The analogy with the conduetion boundaiy-
layer thickness is emphasized by the dependence of 6% on
T,V2 gince I' is the direct analog in radiation gas dynamics
[Ref 3, Eq (15); Ref 26, Eq (12 6)] of the inverse of the
Peclet number (Pe = Re X Pr)

Another asymptotic solution to this problem is when T,
becomes so small as to obtain a very thin “radiation boundaiy
layer” (small 6%) where very high tempeiature gradients
exclude the validity of Rosseland’s formulation Since the
shock layer tends, in this case, to become a completely iso-
thermal slab, we can expect at the limit (I', — 0) that the
blackbody formulation ¢,® = ¢7T* is the correct foim to
use The transition from one form to another is quite
analogous to a slip-flow regime and was discussed in Refs 22,
27, and 28

11 Equation (19) of Ref 22 gives, on the basis of an arbitrary
reference state (V,L), 6% = L(xT'.)V/2, where V = — La and

16672 1

= 3Vepp kil

In the model used here, let us choose L = A; hence, V = (poVo/
2p )and

Tz

_ 16eTy 1
3(ps/ pe)Veopehs krsA
Therefore Ty = 2Ty as defined in Eq (51) and 6% = A(2#Ty)V2
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Fig 5 The integral H.(x) for various values of a and n

An interesting problem would be to establish the range of
flight conditions for which BC reduces to zero, and the two
thermally conducting layers AB and C'D merge into one

IV Finite Optical Thickness

The radiation loss term on the right-hand side of Eq (28)
must now be used fully:

Ve [ p\V2 917_ ’
-~ A (p) cpZaZ— px[4aT

2 fo " e T Ey(r — Hdt — 2 f o oTUDEL — 7)dr] (53)

The solution of this equation requires a numerical integra-
tion procedure A first approximation is often obtained by
using the ‘local temperature approximation” In this
method, each property under the integral signs is expanded
in a Taylor series around its local value (¢ = ), and only the
first term is conserved For instance,

j:) TP By — )t =
fo . |:T4('r) £ oDy ] By(r — f)dt ~

Ry
fo’ YA E(r — Bdt

Equation (53) can then be iewritten, after integration of

E, [foz Eiy(xNdx' =1 — Eg(x)]

as follows:

1/2 T
- ”°°AV°° <;‘1> A %Z = 2ok T4[Bs(r) + Eolrs — 7)1 (54)

Equation (54) contains two dependent variables Z and r
One must be eliminated By definition,

Jo v
T = KAZ
OP

Upon introduction of the variable
1= p K7 (55)

and using the transformation (2,7) [Eq (15)] we can write
in first approximation

z 7
T = fo pV2kpVdz = p 1/2f0 oY2dZ

I

Z ..
oK ﬂ To+n+ /g7 ~ p.x Z + o~

ATAA JOURNAL

Hence the new form of Eq (54) in T'(5):

Ve 1/2 oT
s (pﬁ) o g, = 2060 T {Ex(n) + Ealna = m)] - (56)

where 7, is the optical thickness of the “radiationless” shock
layer:
7a=pxA

After separation of variables, Eq (56) becomes

PooVeolls <p)“”2 k Tt c,dT

o

k T* h
(67

o7
3[Ea(n) + Ex(na — n)] W - Tpx Ao

Introducing 4 = 5/ and the dimensionless variables of
Eqgs (29) and (30), Eq (57) reduces to the form (T, <« 1):

1 1 _ _ d'y’ _
3 J, B + Bt — ) 2
[, 1Tat8-n+1/D—4gT (58)

A Approximate and Numerical Solutions

Clearly, Eq (58) reduces to Eq (31) when na —
0[E£.(0) = 1]

Before turning to numerical operations, let us consider
Lunev’s assumption?® that the sum

HBs(na®) + Ealna(l — 91}

is, on the average, equal to Ex(374) In that case, this sum
can be taken out of the integral on the left-hand side of Eq
(568), which then becomes identical to Eq (31) provided T,
be replaced in (31) by the product T',Fa(274) Consequently,
the results obtained in Sec IT of this report for 7 and & in the
optically thin case [Eq (41)] can be modified for the self-
absorption case (na < 02) by substituting the product
T.Es(37a) to the radiation-convection ratio I', The modi-
fication for the reduced heat flux is not as simple

One may further comment that the correct parameter I' to
be used in this self-absorbing case should have as a numerator
[Egs (24) and (25)] the quantity g® = ¢T*[1 — 2E;(n4)]
and not the optically thin value that appears in T, that is,
Qo win® = 20744 One can easily verify that, for g5 < 03,
the ratio

P (% 2E,(3
9o, th 2(314) - 2(3ma)ma ~ 1 (59)
Qo 1 — 2E;(na)

within 59, _
Therefore, one can extend the validity of Eqs (41) for § and
T to an optical thickness of 0 3 or s0, provided I, be replaced
by I' where the appropriate formulation of the radiative flux
90 is used at the numerator [Eq (24)]
When the gas has a substantial optical thickness (1 >
03), it is necessary to calculate the integrals

Hoi(g) = fl * Ex(ad) d—f

dg
3

Ho(z) = [Hat(x) + Ho(2)]/2

Ho@) = [} Bafat - )] (60)

These functions have been tabulated by Chen, and the
function H.(x) is illustrated in Fig 5 for several values of
One notes in Fig 5 that a good approximation of H,(z) is
the product (Inx)Es(39,) This allows us to extend Lunev’s
approximation® to optical thicknesses of order unity or more
[see Eq (62)], although the further simplification shown on
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IEq (59) cannot be used beyond na > 03 The following
functions are also useful:

AzH(a) = f; Ho* (2)dz

Ar(a) = fLI H.~(2)dx 61)
Aoy =2TOEATO _ [y g,

These functions have also been tabulated by Chen for various
values of g and L, and A 1, (a)

+ Integrating now, Eq (58) yields, after steps similar to those
leading to Eq (33),

Similarly, substitution of Eq (62) into Eq (39) yields, for
the shock-layer thickness,

=1 =3t i [ a0 ]|

bt s =11 [ns (3] @

Finally, the expressions for the radiation flux towards the
wall ¢.# and towards the shock ¢  are, within the present
approximation,

1
0.t = [ T Bsnui)di

: (64)
0t = [ oTBlna(l — 9)1ds

Substitution of the temperature 7 from Eq (62) gives a
value for both fluxes in ¥Eqs (64) Since the funection
E2(nan) will be minimum and E:[9,(1 — #)] will be maxi-
mum when 7 is itself maximum (3 — 1), it is apparent that
always ¢ ® > ¢, This conclusion is borne out by the nu-
merical results of Ref 19, and differs from the optically thin
case where ¢ .F = ¢u % [Eq (37)]

B Results and Discussion

For a given I',, it is clear from Eq (62) and Fig 5 that an
increasing optical thickness means diminishing radiation
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Fig 6 Radiation transfer regimes for detached shock
layers in an ideal planetary atmospheie (from Ref 28)
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losses from the internal layers, and the shock layer tends, as
expected, to be isothetmal when na grows large (blackbody)

Similarly, the integral A¢(na), approximated by Ea(na/2),
decreases from unity for na = 0, to zero for large values of
7a  Equation (63) shows, therefore, that for a given T, the
shock-layer thickness § tends to its radiationless value A when
74 becomes large

To illustrate this result, let us consider a grossly simplified
atmospheric model?® where the density ratio across the shock
wave and, therefore, the incompressible shock-layer nose-
radius ratio p /p., are constant for all regimes Let us take
alsok « p"TA(n=%and B =7 and T « U.

In these conditions (see Fig 6),

_4pxaT*A
T plVL3

A = pk A « p " FIT PR « p, "+l PR

T, « pT BTIR o« p"uST1IR

Now consider the following (Fig 7)

1 A vertical entry (u» = const)

In this case, the object follows alineof I, « p”sinee u, =
const  On the other hand, the optical thickness 54 increases
rapidly with p.,”*™1 Therefore, the function A4y(na) tends
rapidly from unity to zero, and the shock-layer thickness,
as it becomes optically thicker in the denser layers of the
atmosphere, increases from its initial minimum value 6 =
A(l — 3T.) [see Eq (41)] to its self-absorbing value § ~ A
It seems that the maximum collapse of the shock layer due
to radiation cooling should take place in the early part of the
penetration

2 A horizontal accelerated flight (p- = const)

In this case, I'. increases rapidly with velocity, as does the
optical thickness 5 Since for p,, = const, I', varies about
linearly with #a, it is interesting, in Eq (63), to follow the
variations of the product

Nado(na) = naFs(na/2)

Except near na = 0, this produet is well approximated by
2926~ G/204/2) Syuch a function shows a minimum for g, = 4

It then can be concluded from Eq (63) that the shock-
layer thickness of a continuously accelerated missile at con-
stant altitude would first take its radiationless value A, then
reach a minimum for a certain velocity corresponding to 7a =
4, and finally return to its radiationless value A for the
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completely self-absorbing case (blackbody) because of very
high temperature and velocities

The existence of such a minimum thickness coriesponds
to a maximum fraction of convected energy lost by radiation;
it is the direct analog of similar phenomena in ecology and
boiler design [see, for instance, Fig 3 of Ref 30]

In this case we note that the blackbody limit g4 — «
of the “local temperature approximation” shows the same
shock-layer thickness A as for the radiationless case This,
however, is probably not correct as was shown directly in
Sec IIIB: this minimum thickness found out in the case of
the horizontal accelerated flight for na = 4 is a local mini-
mum only; thinner shock layers will exist for large na
More generally, this “local temperature approximation’
does not include the terms leading to the Rosseland approxi-
mation when 55— « 3

It therefore can be concluded that, although “local tem-
perature assumption’ results of the type offered in this part
for the case of finite optical thickness match the solutions
for optically thin gases when na — 0 and part of those for
thick gases when na — «, it is far from being a satisfactory
general solution beyond a qualitative indication of the phe-
nomena to be expected 3!

More work, largely of numerical nature, is needed in this
alea

Conclusion

The detached inviscid radiating shock layer has been
analyzed by introducing small perturbations to a simple
flow model The role of the optical thickness 75 and of the
radiation-convection ratio has been illustrated in the approxi-
mation of a gray gas Some simple closed-form estimates
have been produced which tend to be exact for the asymptotic
valuesof rsand I

The shortcomings of this perturbation method for inter-
mediate values of 75 and T' and the fundamental difficulty of
matching the radiating inviscid flow with the boundary layer
should not be underestimated
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